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In this paper a nonlinear equation of motion is derived for the dynamics of a slender
cantilevered cylinder in axial flow, generally terminated by an ogival free end. Inviscid forces
are modelled by an extension of Lighthill’s slender-body work to third-order accuracy. The
viscous, hydrostatic and gravity-related terms are derived separately, to the same accuracy.
The equation of motion is obtained via Hamilton’s principle. The boundary conditions related
to the ogival free end are also derived separately. The paper is concluded by a discussion of the
methods used to obtain the solutions presented in Part 3 of this study.

© 2002 Elsevier Science Ltd. All rights reserved.

1. INTRODUCTION

A GENERAL INTRODUCTION to this three-part study into the dynamics of cantilevered
cylinders in axial flow has been given in Part 1 (Paidoussis ez al. 2002), wherein the physical
aspects of the dynamics are considered.

The experimentally observed dynamical behaviour of the system makes it abundantly
clear that it would be useful to have a theory available which would predict nonlinear, as
well as linear, aspects of the observed behaviour. Linear aspects are mainly related to (i)
the general behaviour of the system before its first loss of stability, e.g., whether motions
are damped by the action of the flow, and (ii) the critical flow velocities for the bifurcations
associated with changes in dynamical behaviour, e.g., the pitchfork bifurcation giving rise
to divergence and the Hopf or other type of bifurcation giving rise to single- or coupled-
mode flutter. However, several other, important aspects of dynamical behaviour can only
be predicted via nonlinear theory; for example: (i) the existence of post-divergence
bifurcations (e.g., the flutter predicted by linear theory may be related to an unstable Hopf
bifurcation, and hence may not exist in theory, even though experiments clearly show that
it should); (ii) the transition from one dynamical state to the next; (iii) the amplitude of
divergence, i.e., location of the fixed points, and limit-cycle amplitude and frequency for
flutter; (iv) the exploration of nonstandard dynamics, such as the quasiperiodic or
aperiodic regime between second- and third-mode flutter. To-date, however, all the
available theoretical models (Paidoussis 1966a, 1973) are linear.

In this paper, a weakly nonlinear equation of motion is derived in a Hamiltonian
framework, which in the linear limit is identical to that obtained earlier by Paidoussis
(1973). The kinetic and potential energies of the cylinder itself are discussed in Section 3.
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The fluid dynamic forces are introduced in terms of virtual work expressions, separately
for the inviscid forces (Section 4.1) and the hydrostatic and frictional forces (Section 4.2),
separately for convenience, as discussed in Section 2. The nonlinear equation of motion, as
well as the linearized version, are given in Section 5. The boundary conditions are
presented in Section 6, while a discussion of the methods of analysis to be used in Part 3 is
given in Section 7.

The results of calculations using this theoretical model are presented in Part 3 (Semler
et al. 2002) of this study, wherein they are compared with the observed behaviour.

2. DEFINITIONS AND PRELIMINARIES

The system consists of a flexible slender cylinder of radius R, length L, flexural rigidity £/
and mass per unit length m, centrally located in a channel of radius Ry and subjected to an
axial flow velocity U, as shown in Figure 1. The undeformed cylinder axis coincides with
the X-axis, and is in the direction of gravity if the system is not horizontal. The cylinder is
cantilevered, generally fitted with an ogival end-piece at the free end (Figure 1), which is
considered to be short relative to the overall length of the cylinder. The equations of
motion are derived ignoring this noncylindrical segment of the cylinder, which is taken
into account with the boundary conditions.

The basic assumptions made for the cylinder and for the fluid are that (i) the
fluid is incompressible, (i) the mean flow velocity is constant, (iii) the cylinder is
slender, so that Euler—Bernoulli beam theory is applicable, (iv) although the deflections
of the cylinder may be large, strains are small, and (v) the cylinder centre-line is
inextensible.

The derivation of the equations of motion is given here with sufficient detail to be
followed, but omitting some of the steps in the interests of brevity. The assiduous reader is
referred to Lopes ef al. (1999a,b) for the full details,” as well as for the derivation of the
equation of motion of a cylinder with both ends supported.

Two coordinate systems are used: the Lagrangian (X, Y, Z, T'), associated with material
points on the undeformed cylinder, and the Eulerian (x,y,z, ), associated with the
deformed state of the cylinder. The displacement of a material point is thus, u = x — X,
v=y—Y and w =z — Z — see Figure 2. For a slender cylinder and motions with the
cylinder centre-line in the (X, Y)-plane, we have Y =0 and z=Z = 0.

As the cylinder centre-line is assumed to be inextensible,

(0x/0X)* + (8y/0X)* = 1. (1)

Hence, in this case, one may use the curvilinear coordinate along the cylinder, s, instead of
X : 5= X.* One may thus obtain the curvature x along the deformed cylinder (Semler
et al. 1994),

o — azy/ﬁsz (2)

J1— @y/osy

THowever, refer to the paragraph following equation (45).
*For an extensible cylinder, however, defining ¢ as the axial strain along the centre-line, X and s are related by
0X /s = 1/(1 + &), with 1 + &(X) = [(0x/0X)* + (3y/0X)*]"/? = [(1 + du/dX)* + (Bv/dX)*]'/>.
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Fig. 1. Diagrammatic view of a vertical cantilevered cylinder in axial flow, in the test-section of a circulating
system.

ox

Fig. 2. Diagram defining the coordinate systems. A material point G on the neutral axis of the cylinder at
curvilinear coordinate s is located at G(X, Y) before deformation and G(x, y) afterwards; so that its displacement
is {u,v} = {x — X,y — Y}. For a point P at a distance y from the centre-line, at the same cross-section, the

displacement is {u# — ysin 0;,v + u(cos 0; — 1)}.

The equation of motion is derived via Hamilton’s principle,
153 1)
5/ gdt—&—/ owdt=0, 3)
N N

where ¥ = J.— v, is the Lagrangian, 9, and 7, being the kinetic and potential
energies of the cylinder, and 6 W the virtual work by the fluid-related forces acting on the
cylinder.

The derivation of the forces due to the fluid proceeds in a similar manner as in
Paidoussis (19664, 1973). Thus, the inviscid, viscous and hydrostatic forces are determined
separately for convenience — rather than together, say by direct application of the
Navier—Stokes equations. The separate derivation of inviscid and viscous forces may be
justified by the fact that the former are dominant — considering a large enough Reynolds
number. The inviscid forces are derived via slender body potential flow theory, while the
viscous forces are formulated semi-empirically. This approach simplifies the analysis
considerably and has been shown to give acceptable results (Paidoussis 1966a, b, 1973,
1979; Paidoussis et al. 2002).
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In the derivations in Sections 3 and 4, the following relationships have been found to be
useful:

Sx =0/ + L")y + / 0"+ 32"y ds + 0(), (4a)
0
L K L L
/0 4(s) { /0 F(5)dy ds} ds = /0 [ / 4(s) ds}f(s)éy ds, (4b)
L L
/ (L—s)yy"ds=—HL—s)*+ / 1y ds. (4¢)

The equation of motion is derived correct to third order, (&%), for y = v ~ O(e) and, via
equation (1), u ~ O(¢?). Hence the expressions for the components of the virtual work § W
must be correct to ((¢*), while the energy expressions to ((*).

3. KINETIC AND POTENTIAL ENERGIES OF THE CYLINDER

Nonlinear expressions for the kinetic and potential energies of the cylinder itself have been
obtained when deriving the nonlinear equations of motion of a pipe conveying fluid. The
reader is referred to Semler et al. (1994) for details.

The kinetic and potential energies are

L L L
T, :%m/ V2dx, 'VC:%EI/ K> dX—mg/ xdX, (5)
0 0 0

where V. = xi + yj is the velocity of a cylinder element, and « is its curvature. The limit L
is really L — I, where / < L is the length of the ogival end, here ignored. After considerable
manipulation and use of equations (1) and (4a,b), while keeping in mind the orders of
magnitude of the various quantities, we obtain

15 15 L S
(5/ %dt:—m/ / {j}+y'/ 0% +y§)ds
1 1 0 0

L K
-y / / O+ ') ds ds}éy dsdr + 0(€), (6a)
K 0

[5) 15 L
5/ v, dt :E]/ / [V//H + 4y/y//yr// er//} +y////y/2] 5y ds dt
N 0

14

1 L
~mg [ /O [0 + 57 + (L — 9)0" + 2"y 6y ds di
+0(O), (6b)
where () = a()/ds and (*) = a( )/ot.

4. THE FLUID DYNAMIC FORCES

In accordance with the approach adopted, an element of the deformed or oscillating
cylinder is subjected to the following set of forces, as shown in Figure 3: the inviscid fluid
dynamic force F40s, the normal and longitudinal viscous (frictional) forces, Fyds and
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Fig. 3. An element ds of the cylinder, showing the forces acting on it.

F; s, respectively, and the hydrostatic forces Fy.0s and F,,0s in the x- and y-direction,
respectively.’

4.1. Tue Inviscip FLuib Dynamic Forces

These forces are obtained via slender-body potential flow theory, following closely the
Lighthill (1960) formulation. The motion of the body is not represented by the deflection
of its centre-line; rather, the motion of every point of the cylinder is taken into account.
Hence, the coordinate y is no longer equal to the displacement v, but is of the form
y =Y + v, where Y describes the position of a point in its original state.

A coordinate transformation is required in order to describe the body in its undeformed
state. Hence, it seems appropriate to introduce also Lagrangian coordinates, since the
Eulerian coordinate system involves deformation and motion of the body, whereas the
Lagrangian system represents the undeformed state of the body. The Eulerian coordinates
(x,y,z, 1) are related to the Lagrangian ones (X, Y,Z, T) by

XX, T)=X+uX,T), yX,T)=Y+v(X,T), z=2, t=T. 7

We now consider a displacement y(X, ) of the cylinder in the y-direction, away from its
stationary, straight configuration. In Figure 4, we introduce the unit vector pair (i, }j;),
respectively in the tangential and normal to the centre-line directions, at angle 6; to (i, }).

We consider next an element of the cylinder as in Figure 4, and define the relative fluid-
body velocity, V = § + x — Uy, in which Uy is the mean axial flow velocity relative to the
deforming cylinder. Then, projecting this on j;, leads to V' = ycos8; + (Uy — X) sin 0.
From equation (7) we have 0x/0X =1+ 0u/0X + O(c*), and hence 0=
tan~'[(0y/0X)(1 — du/0X)] + O(c’). From this, keeping in mind the orders of magnitude
of y and u, we obtain

0=y —uy =57+ 0©) ®)
and cos; =1 — %9% + O(03),sin 0, = 0, — 103 + 0(6}); therefore,
cosO) = 1132+ 0(*), sinb, =y —uy =117+ 0), 9)

where* it is understood that X has been replaced by s in the derivatives. Hence, returning
to V, we can write

V(X,0)=y+ Uy =337 = Undy —3Up" — %' + 0(). (10)

"The ds here is an elemental length and should not be confused with variational dx and dy in Sections 3 and 3.
¥For a cylinder with inextensible centreline, this and other expressions are eventually simplified considerably.
Thus, since ' = =}y, sin 6; = y/ + O(c%).
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Fig. 4. An element of the cylinder used for the determination of the relative fluid—cylinder velocity V" and of
the angles 0, and 0,.

Next, the velocity Uy needs to be related to U, the flow velocity relative to the
undeformed cylinder. Considering the three-dimensional velocity potential ¢, we may
write Ur = 0¢/0x and U = 0¢/0X. Then, since d¢/0x = (0¢/0X)/(0x/0X), using the
expression for dx/0X obtained previously, we have

Up = U(l — g—;) + (Y. (11)
Hence, equation (10) becomes
VX, 0) =3+ Uy =132 — 200y = LUy — 3/ + 0(©). (12)
4.1.1. The pressure distribution
The velocity potential may be expressed as
X, Y, Z,T)=UX+ )X, Y, Z)+ (X, Y, Z,T), (13)

where UX is due to the mean flow, ¢, to variations in the body cross-section (here none),
and ¢, to motion of the body. This potential must satisfy a number of conditions: (i) the
fluid velocity normal to the outer channel is zero; (ii) the fluid does not penetrate the
cylinder; (iii) the solution must be 2n-periodic around the cylinder, and even with respect
to Z.
The pressure is determined via the Bernoulli equation,
o9

P— Py = —pa — (V) + 3o U, (14)
Then, using the relationships for derivatives in the Eulerian and in the Lagrangian
coordinates,

0 0 ou 0 ov 0 ou ov 0

- =7 =~ = (e
ox ox oxox axor Taxoxer T Y©)

o o o0 o
oy oY oz oz
0 0 Oudo Ov 0 Oudv 0

z_ - =7 _ =" i I TP
5" oT orox oror Teroxor V)

(15)
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we obtain
pop (0 _udp 2 op  owdvip
o 0T 0T o0X 0TdY OToX oY
(% _udd 0 op 0w v og)’
2"\oX 0XoX 0XoY oXoXoY
o9 o9
Ep(aX> zp(az) +p U (16)
Substituting now equation (13) in (16), we have
8d)1 au 5(250 a(t)l aU 5u 81] 5¢0 5(251
P—Py=—p|l—t—— — (=
[aT 6T(U+8X+6X o arox)\ay oy
ou op, 0 v ou v\ [0h, 0 \]
_1 _ou 9P OP1 _ (v _ ou U (CPy  OP1
ZpKI ax) (U+6X+8X> (8)( axax) (ay+ay
0y 0, 0y | 99,
_1,( %P0 9P 1 (%P0 OP1Y 12
2p<6Y+6Y> "(az+ oz +2pU' (17

After many manipulations and truncation to ((¢*), we obtain an expression of
the form

P—Py=(P—Px)y+(P—Px)+(P—Px), (18)

where (i) Py is the pressure distribution in steady flow past the undeformed motionless
body, (ii) P, is the pressure distribution due to steady motion of the cylinder through fluid
at rest, and (iii) P, is the remainder of the pressure distribution. It is found (Lighthill 1960;
Lopes et al. 1999a, b) that

(1 1 oo)o =1y
5‘150 6(150 ? 6¢0 ? 6¢0 ? 5
= % {ZU <> +<f) +<EZ> + 0(e), (19)

(P_Poo)2:P2
_p{_Uau dv gy u 00 dpy 0m 1U2<a”>2

oT 9T oY ' dToX oY — ox 2 \oX

Ou 0v 0¢, Ov 09,
+2Uvaxar  Yaxar

+3 (6)() <aa¢y) +5 (a;)y) +2(g¢z) }+@(65). (20)

Neither of the two pressure distributions (19) and (20) contributes to a net force on the
body. Net forces result from the unsteady part of the motion of the body and from
variations of the cross-section with X, i.e., the pressure distribution (P — Py), = P;.
Subtracting equations (20) and (19) from (17) yields the equations for P;. Furthermore,
since ¢, is due to variations of the body cross-section with X, this may further be
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simplified by taking ¢, = 0, yielding

P = _p{{aaTJ’ {U(l —%) - <g—;+ US—;H%}%

09\’ v op op | . s
! (6X> _ﬁﬁﬁ}w(e ) 1)

Once P, is determined, the lateral force, or lift, per unit length in the Y-direction may be
obtained:

FuX,T)= }{ Pi(—d2)

Sx

0 ou ou ou 0
=0 f i (V0 5) - (G o) ol
+%<aisl>2 v O, O

5 _a_Xa—Ya—X‘}(—dZ) + (), (22)

where the minus sign in front of dZ enters to reconcile the coordinate axes used here with
Lighthill’s, and Sy is the circumference of the cylinder.

The next step is to determine ¢, which must satisfy the 2-D Laplace equation, subject
to the conditions given below equation (13); e.g., the nonpenetration condition, expressed
in cylindrical coordinates, is

d’l ov (]51 (]5 ov ov
P 4+ cos 0 ax 08 — sin 0 20 + cos 0 a7 UaX
Ou Ov Ou Ov  Ov O,

e — T . T T = () 5 = =
+ ooyt 2Wapay aXaX)Jrc(e) 0 atr=R, (23)

while on the channel wall we have

o,

= =0 (24)

I’:R(]

4.1.2. The linear expression for the lift
It is instructive to solve the linear problem first, as an introduction to the more difficult
nonlinear one.

Solutions to the general two-dimensional Laplace equation V2S(r,0) = 0 are of the
form

00
S(r,0) =(A4 + Blnr)(C + D) + Z {E,r" cos n0 + F,r" sin nf
n=0

+G,r~""cosnl + H,r " sin nf}, (25)

where A to D and E, to H, are functions of X, subject to the appropriate boundary and
regularity conditions.
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Simplifying equation (23) to first order, the boundary conditions to be satisfied are
0o, 0, ov ov
st} = s 0
ol ar |, \or T Yax) o f
00, X,T)=¢,(r,0+ 27, X,T), ¢,(r,0,X,T)=¢;(r,—0,X,T).

(26)

According to these boundary conditions and considering the form of the solution for the
two-dimensional Laplace equation (25), we can express ¢, in the form

0,0, X, T)=V(X, T)(r,0, X), (27)

where V(X, T) = [(0v/dT) + U(0v/0X)] is the linear relative fluid-body velocity. It is noted
that @ is also a solution of the two-dimensional Laplace equation, but with the following
boundary conditions:

@®/0r)|,_p = 0. (8®/0r)|,_,= coso, (28a, b)

&(r,0,X) = &(r,0 + 21, X), (1,0, X) = &(r, —0, X). (28¢, d)

The potential @ is of the form (25), with the coefficients A4, B, ..., H, being functions of X.
Condition (28d) implies that D = 0, and condition (28b) leads to BC =0, n =1, E; —
G1/R*> =1 and F, — H;/R*> = 0. Hence, ¢ may be written as

/ G] Gl H H .
&O(r,0,X)=A"+ Kl +R2) +T:|COSG+ (Er—i- )sm@, (29)

where A’ = AC (in the event that B = 0 and C # 0). Then, applying condition (28a), we
obtain H, = 0 and G; = —R3R*/(R3 — R?), which leads to

R} RR?
&(r,0,X) = Kl — R Rz)r — e — ) cos 0, (30)

where the constant 4’ has been suppressed, since the potential can only be determined to
within a constant. Notice that condition (28¢) is automatically satisfied."

Next, truncating equation (22) to first order, we obtain the linear expression of the
inviscid hydrodynamic force,

0 0
Fu(X, T)__p<aT+ U@X) f ¢,(r,0,X,T)(—dZ). (31)
Sx

Then, using equations (27) and (30), the integral in equation (31) becomes
R

— R2

2n
]{ VX, T)®(r,0, X)(—dZ) = / V(X, T)<R 2
0

Sy

> cos 0(—Rcos 0) do

R+ R
_ (71%3 + ) V(X, T)nR> = yVA,
-

TFor a slender cylinder with R/L <1, we have &(r,0, X) = 0(c), and hence, it is verified a posteriori that ¢, =
V(X,T)®(r,0,X) is of second order (V being of first order), which is an assumption made in the analysis in
conjunction with equation (13).
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where y is the virtual mass coefficient, and A is the cross-sectional area of the cylinder. The
inviscid hydrodynamic force is then given by the familiar expression

FiX,T)= _(8%+ U%)[MV(X, 1), (32)

where M = ypA is the virtual (added) mass per unit length.

4.1.3. The lift expression, correct to (O(*)
Let us now consider the nonlinear case. In this case, we define the potential ¢, by

0,0, X, T)=V(X,T)P(r,0,X)+ ¥V, 0,X,T), (33)

where the potential ¥ is the nonlinear part of ¢, correct to fourth order, which also
satisfies a two-dimensional Laplace equation. Again, ¥ needs to be 2n-periodic and even
with respect to 6. Concerning the two other boundary conditions, the condition on the
outer channel is simply

oy

oI~ (34)

r= R[)

whereas the condition of nonpenetration at r = R requires additional manipulations.
Substituting equation (33) into (23), and truncating the expression obtained to fourth
order, yields

ob oy o0\ > ob . od
<V(X’T)E+E> +cos0(a—X) V(X,T)(cos@amn(?@)
ou Ov ou ov  Ov oV )

+Cos€(—V(X,T)+ﬁﬁ+ XX BX X

+0() =0,

which, according to condition (28b), can be reduced to

oV ou v ou v ov\? o o
| = (=X iyt _ el 2 sno X
o | (6T8X+ U8X6X>COSG V(GX) (cosé) p» smé)rae)cosé)
ov oV 5
+a—Xa—X¢COSQ+(Q(€ )

Then, replacing @ by equation (30) at r = R, we obtain

du v du ov b A
= — _— 2 _— — —_ = _
. <6T8X+ U8X6X>C089 (a 2)V(6X> cos 0

b (ov\? ov oV R S
— - - —_ i
+2V(6 ) cos 30+(’M 3 (a+b) > (1 + cos 20) + O(c), (35)

oV
or
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where a = —R?/(R3 — R*) and b = —R3 /(R — R?). Consequently, considering conditions
(34), (35) and the form of the solutions (25), we finally obtain
R2
<ar + b) cos 0
r

Ou 0Ov ou Ov b o0\ >
(42 - —_Z\yl=
<6T ax T 2Vsx ax) (“ 2> (ax)
b (v’ R* \; R* RS
+5V<6_X> K RS — R6> V_3R8R6:| cos 30

61) oV R} , R R}
— 20
Taxax T [( Ri— R4) 7R R4] o8
ov oV
—-—(a+b —1 oE 36
toyax@ T O+ 0E), (36)
where the last term satisfies condition (34) only for Ry large, i.e., R/Ry< 1. Actually, this
is not an excessive requirement: one can verify that a ratio of 0-1 for R/Ry, which is
indeed relatively large compared to R/L~0-025 for a slender body, leads to
[(a + b)R?>/2Ro] ~0-05R (the coefficient of the derivative of the last term with respect to
rat r = Ry). Hence, apart from special cases where the outer channel is very close to the
cylinder, we may conclude that this approximation is reasonable.
Substituting now the expression for ¢, into equation (22) and truncating at fourth order

yields
0 ou ou Oou 0
Sy

0 ) oa\? ,
+<6T+ Uﬁ)atur <aX) @

Qv oV Od S
WQS}(dZ) + 0(E). (37)

P(r,0,X) =

Then, substituting @ by equation (30) and ¥ by equation (36) into (33), with special
attention to the integration of products of cosines, the inviscid hydrodynamic force (37)
becomes

0 ou ou ou 0
Fi(X, T) = pA{ KaT+ (U(l aX) - (W+ U(,”())ax)

du v du ov o\’ ov oV
V- W—— ) — V(= — V=== + 0(), (38
x (X <a:ra)(+ Uaxax) X (6X> >] axax}+ ©), (%)

R2 +R gy 1 (RS Rz)(RZ 2R%)

where

=—(a+b)= R and y=—(a+b)a—5b)=3 ( R2) (39)
are virtual mass coefficients.
We notice that, as Ry becomes large, ¥ — 1 and ¥ — 1, and in that case
0 ou ou ou 0
rocn =g [u(i- ) - (a—r+ Ua—x)]a—x}
Ou Ov ou Ov o0 ov oV S,
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where V' = (0v/0T) + U(dv/dX), and M = pA. For the purposes of this analysis, equation
(40) is considered to be valid even for cases where Ry is not so large, simply replacing
M = pA by M = ypA in the equation.

4.2. HyprostaTiCc AND FricTioONAL FORCES

The hydrostatic forces F,, and F,,, the resultants of the steady-state pressure p acting on
the cylinder, are derived by the procedure in Paidoussis (1973).

Consider an element Js of the cylinder, momentarily frozen and immersed in fluid on all
sides. Hence, in addition to F,.ds and F,,ds, the resultants on the normally wet surfaces,
there are additional forces, p4 and pA + [0(pA)/ds]ds on the two flat, normally dry,
surfaces of the element. The net resultant of all these forces is known: it is the buoyancy
force. The pressure is assumed to be of the form p(x) = a + bx — which covers both purely
hydrostatic and pressure-drop-modified pressure distributions. Consequently, one may
write

0 ) 0 . .
[—F,,x ~ 5 (pA cos 91)} osi+ [F,,y % (pA sin 91)] 0s'j

—fpnda=- /// Vp d(vol) :(—Z—Z i>A5s, @1

where n is the outwards pointing normal; to evaluate the right-hand side, use has been
made of the fact that the elemental volume is Ads and that the pressure gradient is in the x-
direction only. Then, using the relations linking 06/0x,0/0X and 6/0s, the fact that
dA/0X = 0, and also referring to the inset diagram in Figure 2, one obtains’

_0p 2 0 p 04
—F, _GxA cos” 0, +pA6X (cos 0y) EixA + 0(c"),

0 . o .
6§A cos 0 sin 0, +pAa—X (sin 0)) + O().

Fyy =

Here, dp/0x has been used in preference to dp/0X since p = p(x). Next, using expressions
(9), we obtain

—Fpe = — y?A©0p/0x) — 'y" Ap + (),
pr :()// _ u/y/ _ y/3)A(8p/ax) 4 (y// _ u//y/ o u/y// _ %ylZy//)Ap + (9(65); (42)
it is recalled that () = a()/ds = o()/0X # o()/ox.

Furthermore, by assuming the lateral movement of the cylinder to have a negligible
effect on the axial pressure distribution in the fluid at large, one can write (Paidoussis 1973)

op 1 > o D
Al L) = —pDU? Cr— A 43
<6x> ol TDthpg , (43)

where Dy, is the hydraulic diameter, and Cr is a friction coefficient — cf. equations (46).
Rewriting the derivative with respect to X by using one of the relationships of the last

The following relationships are recalled: (i) x = X + u, thus dx/0X = 1 + 6u/6X; (i) 6X /s = 1/(1 + ¢), ¢ being
the centre-line extension; here (1 + &) = [(1 + u/0X)* + (dv/oX)*]/%; (i) dx/ds = (6x/0X)(0X /os) =
(14+u)/(1+¢)=cosf;. For an inextensible centre-line, ¢=0,0X/ds =1,0x/0X ~ 1 7%}7’2. Hence, for
example, d(pA cos 0)/ds = (0(pA)/ds)cos 0 + pAOX /ds)(0 cos 0, /0X) = (Op/dx)A cos® O + pA(D cos 0, /0X).
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footnote and integrating from X = s to L, we obtain
1 20 D t 1 372 4
Ap(s) = Ap(L) + ipDU CTD— —pgA | |[(L—s)— ds| + O(¢"), (44)
h s

an expression used in the last steps of the formulation of the equation of motion.
Finally, introducing these expressions into equations (42) we obtain

—Fp =)" (2 pDU? CT* - pgA) V' Ap + O(H,

D
Fpy =0/ —uy — 7 (—%pD U 2CT—] - pgA) (45)
1
+ (y// _ u//y/ _ u/y %y’zy")/lp + @(65).

Here it is noted that in the derivation in Lopes et al. (1999a), the expressions for F,. and
F,, are slightly different, having been obtained with the simplifying assumption that
dp/ox = dp/0X, which is correct to first order, but strictly incorrect to third order. The
resulting expressions are given in Appendix A since the equations incorporating these
expressions have been used in the calculations in Part 3.

Next, we proceed with the formulation of the viscous, frictional forces, on the basis of
the semi-empirical expressions proposed by Taylor (1952). These are considered to be
adequate, unless confinement of the flow by the channel is very severe — in which case,
they could be obtained from the unsteady pressures derived analytically by Mateescu et al.
(1994a, b), for instance, but unfortunately not in closed form. An alternative is to use the
semi-empirical data, but which again are not available in easily usable closed form,
compiled in Paidoussis (1998, 2002); however, these can be fitted in the framework of the
Taylor formulation, and hence we proceed with that.

The expressions proposed by Taylor are

Fy =1pDU*(Cysini+ Cp,sin®i), Fy =1pDU*Crcosi, (46)

where Cy and Cr are friction coefficients and Cp, a form-drag coeflicient; i is the angle of
attack. In some of the analysis, distinct Cy and Cr are used; frequently, however, the
simplified form Cy = Cr = Cy is taken instead. Fy and F; act in the —j; and i; direction,
respectively. Expressing i = 0 + 0,, we note that we have already expressions for 6; in
equations (8) and (9). Proceeding similarly, we have 0, = tan"'{(dy/ot)/ [Uy
—(0x/01)]} — see Figure 4 — and hence

yo xp 1y

0) = 2+ 5 — ==+ 0(E). 47
> Uf+U_2 3U3+ (€) (47)

We can, therefore, find i, cos i and sin i, as follows:

y v o1 5y 5
l—y+U y+ﬁ—§<y’+U3>+0(c),
. y 4
cosz_l— 2— + 0O(¢"), (48)
Ur
sini:y’—i—L—uy —&——y—l 3 +y_+y’2y+_y + 0(E).
U, u; 2 uoou g
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Substituting these in equation (46), and relating Uy to U through equation (11), we obtain

y o Xy 1 S
FN:%pDUZ[CN(y/—l-E—&-U—u’y'—&-ﬁ—i(ym—i—ﬁ-i- TAAT?

/- 52
+ Coy (y'2 +252+ %)] +0(@), (49)

/- -2
Fp =LpDU’Cr [1 - ;(y’2 + 2%}’ + 52” + O(eY).
The quadratic terms in the expression for Fy need to be modified in order to obtain forces
which are odd with respect to 3’ and y, thus forces always opposing motion. Triantafyllou
& Chryssostomidis (1989) have shown that terms of the form [y 4 (3/U)]>, which are
found in the normal viscous forces, could be written as [y' + (y/ UV + (p/U))| directly.
In the same spirit, expressing 3> as [y’|, * as y|y|, and so on in Fy, we obtain

5 o %1 1 .3 9. )
FNépDUz{CN(y/+y+yu/y/+y<y/3+y LY y+yy>>

U' U U2 2 vy U T u?

PV
+ Cpp (y’|y’| + “LUWW + %)] + 0(©). (50)

On the other hand, the longitudinal force is even with respect to )’ to y, and hence no such
modification is necessary.

5. THE EQUATION OF MOTION

The virtual work associated with the fluid-dynamic forces may be expressed as

15 b L
/ owdt = / / {[—Fpx + Frcos 0y + (F4 + Fy)sin 01]6x
t 141 0

+ [Fpy + Frsin 0y — (Fyq + Fy)cos 01]0y} ds dt. (51)

Substituting in the above equation the expressions for Fy, F),, etc. derived in Section 4,
and utilizing equations (4a—) and (6a,b), one obtains with the aid of equation (3), the
nonlinear equation of motion:

(m + M)y +2MUy (1 + ) + MU' (1 +357) = 3Mpy' (' + Uy")
+3pDUCy(Y +1)7) = 3pDUPCr(L — )(y" +3)°y") — Ap(L)(" + ¥y
+ GpDUCrh+ mg — pg Ay + 137 — (L — 50" +3 ")

+ El(y”” + 4y/y//y/// +J/”3 _|_y////y/2) _ %pDCN)’/ /0 y/y/ dS

; ] VIPI+ 3, Pl
+%pDU2CN(U_§F_§7_§ﬁ>+%pDU2CDp(y,|yl|+7U +77

L s s
- my”/ /0 G 4y dsds + 2M (G + Uy”)/0 V' ds
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L K}
My [y 209 4 U ds e by |G ) s
0
LS
+' / {Ap(L)y'y" + 4pDCry’} ds
s . y/y
+ DU (Cr — Cy) / (y’2 + 7) ds + 0() = 0. (52)
N

In this equation, it is realized that, unless there is a drogue at the free end, p(L) would
normally arise from base drag at the free end of the cylinder, in which case 4p(L) may be
expressed as 1pD?U%Cy, where C, is the base drag coefficient. Defining next the
dimensionless quantities

1/2 1/2
S y EI t pA
= o=t o= () L= (%) uL
c=p DT (m+pA> JEs (EI) :

pA (m — pA)gL? 4 4
= y = =-C =—-C 53
B m+pA’/ El » CN T[N:CT nT, (53)
L D 4
= —_ h=— =
Cd CDp7 & D, Dh, Cb an,

one obtains the dimensionless equation of motion:

[1+ (z — DB+ 2%~/ Bl (L + ) + 2P " (1 + 30 — i (B + U~/ B
+ Y0 eenn' + 3071 = Y eer (1 — O + 30"y — Ses (" + n™n")
+ QW ecrh+ '+ — (1= E" + 3" n")]

<
+ ’1//// + 4’7/’7//”/// + ’1/13 + 77//”’7/2 _ %SCN/M/ ’7/’7/ dé
0

192ee VB B oy VB B
+ U ecy %'1 2%2'177 2%’77/ 2%3’1

e, <n’|11’l i i+ L n’ln’l)
U
" ! ¢ .12 X -/ " ¢ I3V
“n (1—/3)[ /0 (2 + o) A& A& + 2B + U/ B )/0 o dé
<
1 ¢
- /f il + 20/ Bt + W) dE + /(1 + (1 — D) /0 (2 + i) de
;
+n" / Seo*n'n" + Leer it} dé
&

1
+ %J?lzn"(acr — acN)/ (17'2 + W\/Bn'n) dé+ () =0, (54)
¢

where () =a( )/d¢, (") =a( )/or.
Since some linear calculations are performed in Parts 1 and 3 of this work (Paidoussis
et al. 2002; Semler et al. 2002), the linearized version of equation (54) is given below,
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for completeness:

[1+ (o — DY+ 2%~/ By’ + Uy — [y + 3P ecr(1 + h)(1 — &y
+ B % een + ecrh) + Yl + 0" + S Ueen/Bi — Sy Py = 0. (55)

This equation is identical to that given by Paidoussis (1973) if (i) dissipation in the material
of the cylinder is neglected, (ii) a term equal to +%scd\/ﬁi1' is added, representing an
arbitrary (nonmathematical) linearization of the damping in stagnant fluid, and (iii) ¢y =
cr = ¢s is taken. The dissipation can be taken into account by replacing E by {E" x
(0/0t) + E} in the dimensional version of the equations of motion. However, flow-induced
damping is much more important for cantilevered cylinders, an inherently nonconserva-
tive system, and hence this term would not change the qualitative dynamics of the system
(except at % = 0), nor sensibly the quantitative dynamics.

6. BOUNDARY CONDITIONS

It is supposed that at its free end the cylinder is terminated by a short, ogival end, the
cross-sectional area of which varies smoothly from 4 to zero in a distance /< L. Further,
this ogival end is assumed to be rigid, so that its motion is determined solely by the values
of displacement and velocity at s = L —/; y, y/, V and Jy are all constant with s. The
boundary conditions are derived to first order, i.e. correct to O(c).

The variation of the Lagrangian of the ogival end is

5] 15 L
5/ Ldr=— / / [p A(s)(X0x + yoy) — p,.A(s)gdx] ds dt. (56)
hn n L—1

It is convenient to re-write this in terms of virtual displacements in the longitudinal and
transverse directions, du; and duy, respectively,

ox cosf; —sinb, ouy
= , (57)
oy sinf; cos 0, Oouy

15 15
5/ ZLdt= — / m[j(sin 01 duy + cos 01 duy) + ¥(cos 0; duy — sin 0 duy)]s. d¢
1 n

leading to

15}
+ / mgse(cos 01 duy — sin 0, duy) dt + O(), (58)

1

in which s. = (1/4) [ LLflA(s) ds. Furthermore, since % is of second order, equation (58)
reduces to

5/ Ldt= / [mjseduy — mgse(duy, — y'duy)] dr + O(). (59)

Considering next the virtual work by all the fluid-dynamic forces acting on the tapering
end (Figure 5), and following equation (51), we have

5] 5] L
/ oW dt = / A[=Fpx + Frcos 0 + (F4 + Fy)sin 01]0x
131 L-1]

+ [Fpy + Frsin 0y — (F4 + Fy)cos 01]0y} ds dt, (60)
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Foy
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Uy uy
01 pcAg
Fox+0,A% /

Tles

Fa+ Fy

pAY

»
>

Fig. 5. The end-piece at the free end of the cylinder showing the forces acting on it; p, is the density of the
cylinder and of the end-piece. The notation in this figure has been simplified; most of the “forces” shown, e.g. Fy,
are really forces per unit length and should be understood to stand for .]le Fy ds, etc.

which, in view of equation (57), may be written as

5] 15 L
/ oW dt = / / {[—Fpxcos 01 + Fyysin 0y + Frlour
I3} hn L-1
+ [Fpy sin 0y + Fy cos 0y — (Fyq + Fy)ouy} dsdr. (61)
In this expression, Fiy and F; are not constant, since the diameter is a function of s, and

similarly £, F},, and F, involve the cross-sectional area, also varying with s. Thus, noting
that 01,)" and 0y are constant for L — /<s< L and that y” = 0, we can write

15} [5) L
/ oW dt = / {cos 0, / F,couy ds
N 21 L—1

L L
+ sin 91 / vaél/lL ds + / FLéuL ds
L L1

L L
+ sin 0, / Fyyouy ds + cos 0, / Fyyouy ds
L-1 L-1
L L
—f F40uy ds — / Fynouy ds} dte, (62)
L/ L/

in which the parameter /' (0< f'<1) has been introduced in the terms involving F,, since
the ideal inviscid hydrodynamic force will generally not materialize fully over the ogival
end because (i) the lateral flow is not truly two-dimensional, some fluid going axially
“around” rather than transversely over the tapering end, and (ii) over part of the ogival
end, there is boundary layer separation (Paidoussis 1966a). Thus, f =1 is the ideally
slender case, impossible in practice, while normally 0< f < 1. In Parts 2 and 3 of this work,
f — 1 is taken for a well-streamlined end, while f — 0 for a blunt end; see also last
paragraph of this section.



732 J.-L. LOPES, M.P. PATDOUSSIS AND C. SEMLER

In equation (62) the simplified expressions for the various forces—leading to a linear
final boundary condition—are 2( )

—Fp =p(dA(s)/ds) + O(?), F,y =y (——pU2 + pgA(s) + p(dA(s)/ds)) + 0(),
Fy =1pD(s)UCN(y + UY') + O(*), Fr =1pD(s) UZCT + 0(?), (63)

Fy=1p( + Uy)A(s) + 2pU(y + Uy )(dA(s)/ds) + O(€),
cos 0 = 1 + O(), sinb; =y + O(),

having also made use of equations (43) and (44).
Substituting equation (63) into (62), and combining with equation (59) as in (3), after
several manipulations and simplifications one obtains

0 zdt+/ oW dt
_ / {(~(A),_, + pDUCrhs, + YpDUCr3, + (m — pA)gs.)}ouy de
n

153
" / [~3pDU*Crhy's. — (m — pA)gy'sc — spDUCN(p + Uy)3.
1

— MG + Uy + mplse + MU + Uy)duy dt + O(), (64)
where
1 (L _ 1 [t
Se = Z/I;IA(S) ds, 5, = B/sz D(s) ds, (65)

and where it is wunderstood that A=A|,_;, D=D|,_;, ¥V =Vi_t Y= Dli_s
h=D/Dy,M = ypA. Typical values for s, and s‘e, by way of illustration, are as follows.
For a conical end, D(s) (D/ DL —s),s. = 1 Se = %l; for a paraboloidal end,
D(s) = (D/\/)\/ — 85,8 = lsg = l for an elhpsmdal end, D(s)=D{l —[(s— L+
/P s, =2 and 5, = nz

The first terrﬁ in equation (64), in curly brackets, represents a small addendum to the
axial pressure-tension terms in the equation of motion, rather than contributing to the
boundary conditions. The second term, in square brackets, is associated with the
transverse shear boundary condition. Accordingly, the boundary conditions at s = L — /
are (Lopes et al. 1999aq):

—ED" + [fMF + UY) + mjlse — MUY + Uy') + (m — pA)gy'se
+ipDU*Crhy's. + 3pDUCN(y + Uy')s, = 0, (66)
and
y/l — 0.

The boundary conditions at s = 0 are, of course, y(0) = 0, y'(0) = 0.
Finally, equations (66) may be written in dimensionless form as follows:

"+ 1l + Gf = DBY + 2/ U Bi') + Gesen — 1)U/ Bii + ')
+ QU ecrh +)yn =" =0at & =1, (67)

where
Ye = Se/L, Jo=S5/L. (68)

Other than the approximate empirical correlation between end-shape and f provided by
Figures 8 and 9 of Part 1, there have been two attempts to determine f* quantitatively. For
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conical and conoidal ends, Hannoyer & Paidoussis (1978) have proposed
f =452 /[452 + (D, — D)*] = 4622 /14622 + (1 — 6)*], where 6 = D;/D, in cases where
the cylinder is hollow and conveys fluid internally also, D; and D, being the inner and
outer diameters of the cylinder; here § = 0. A more elaborate method has been developed
by Paidoussis & Yu (1976) for truncated ellipsoidal ends, which however does not provide
an explicit expression for f. In the first case, it is presumed that separation does not occur
at all, while in the second that it occurs exactly at the location where the ellipsoid is
truncated.

7. METHODS OF ANALYSIS

The equation of motion (54) of the cantilevered cylinder, as derived in Section 5, is of
third-order magnitude and hence nonlinear; furthermore, the boundary conditions (67) are
time- and flow velocity-dependent. This renders the problem nonstandard and the solution
procedure more complicated. As a first simplification, the partial differential equations
(54) and (67) are transformed into a set of second-order ordinary differential equations
using Galerkin’s method. However, since the boundary conditions are time-dependent,
different approaches are possible, as discussed in detail in Lopes ez al. (1999b).

Let us write for simplicity the equation of motion in the form F(x, %) = 0. Then, with
the boundary conditions added, the boundary value problem may be formulated as

Fn(¢,0), %) =0, (69)

n(0,7) =1'(0,7) = 0, n"(1,7) = —n"(1, 1) + Bn(1,7), %) = 0, (70)

where B(n, %) represents a complementary term in the end-shear boundary condition due
to the tapering end. An alternative way of formulating the problem is the following:

F(n(¢,0),%) + 6(E — DB((E, 1), %) =0, (71)

n(0,7) =1'(0,7) =0, n"(1,7) =n"(1,7) =0, (72)

where 6(¢ — 1) is the Dirac delta function. With these two formulations in mind, three
methods may be proposed to discretize the system, as follows.

Method (a) consists of utilizing the eigenfunctions ®;(n) of the problem n” + 4 = 0, i.e.,
the dry cantilevered-cylinder equation of motion, subject to boundary conditions (70), to
discretize the system and apply them to the problem (69). In Method (b), the same
eigenfunctions @;(£) are used, but they are applied to an “expanded domain™ of the
problem, which effectively means that the time-dependent boundary condition, the last of
equations (70), is added to the equation of motion, i.e., the expression [—#"(1,7)+
B(n(1,7),%)] is added to the left-hand side of equation (69) via a Dirac delta function.
Finally, in Method (c), the cantilever beam eigenfunctions ¢,(¢) satisfying equations (72)
are used directly to discretize equation (71).

It has been shown by Lopes et al. (1999b) that Method (b), although requiring only a
small number of modes to yield extremely accurate results, is difficult to implement and is
numerically very time-consuming, especially for a nonlinear problem. On the other hand,
Method (c) is easy to implement and leads to more accurate results than Method (a),
provided enough terms are used — cf. Paidoussis (1998, Section 4.6.2). Hence, this is the
method that is presented here.

T An alternative would clearly be to use the Rayleigh-Ritz method.
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This infinite-dimensional model is discretized by Galerkin’s technique with the

cantilever beam eigenfunctions, ¢;(¢), used as a suitable set of base functions and with
g;(t) the corresponding generalized coordinates; thus,

N
&) =Y d(Oy), (73)
Jj=1

where N represents the number of modes. Substituting expression (73) into (54),
multiplying by ¢,(£) and integrating from 0 to 1, leads to the following matrix form:

Mg + Cyq; + Kyq; + rieqilarl + Silgilgr + Sinqjlgic| + tig;lqy]

. .. L . (74)
+okiqiqrqr + Biadi9k9r + Vigidididr + Nied;ide9s + Rigardiqrds = 0.

Considering the linear terms, M;, C; and Kj; correspond to the mass, damping and
stiffness matrices, respectively, while s, Bijss Vs Nijkt> Mijits Tijks Sijkes Sijies Lijke T€ related to
the nonlinear terms.

The mass, damping and stiffness matrices are defined by

My =1+ Gf = DBledi(Dg; (1) + [1 + (¢ — Doy,

Cyj = Giteen — 1OUN B D)) + 1f U Bropi(DPI(1) + 25/ Bby + Yteen/ Boy,
Kij = (0t + U (ecn T, + ecrhy,) — 2f UG D)PA1) + 72 c; (75)
+ (3 ecr(1+ h) + ) (dy — ) + QUe(cy + crh) + )by + 78 — YU cuey,

where the constants, b, ¢, dyj, introduced by Paidoussis & Issid (1974), are defined by
1 1 1
b= [ agac = [ oajae a= [ odac (76)
Furthermore, the nonlinear coefficients in equation (74) are defined by
___5AJ2l /BN 19,2 , All Il
Okl = sYU ; bi¢; P, A&+ GU e(eny + crh) +7) 3 ; bip;i ¢, dS
1
— @1+ 43 [ (= O] 4
1 1 1
4 [ odoierace [ oaoieracs [ 600
0 0 0
1 1
o [Coa ([ oo ac) ac
0 ¢
1 1 1
e, o ([ oora) az -, [ odaia ac
0 3 0

1 1
+ %Ules(CT - CN)‘/0 (bld);, </C (f);((]% dé) 4
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1 1 1 1
ﬁ,»jk,=x%ﬁ{%. [ oisiaiac=3 [ oaisio0e-2 [ </>i¢;’( / ¢;¢;df) ac
] ¢ 1
) /0 ¢i¢;’( /O ¢2¢§dé) df}—%@/\/ﬁﬁczv /0 b9y A
1 1
+ 3/ Peler — en) /O ¢i¢;’( /5 ¢L¢,df) de,

1 1 1 ¢
Yo = — 1P /0 bbb dE — (1 — ) /0 ¢>,-¢>;-’( /C /0 ¢§c¢§déd6> ae
1 £ 1 14
sa+G-0p [ ¢>l¢j( / ¢k¢>,dé) az+2p [ qsl-qsk( / ¢j¢,dé) ac
1 14 1
~dpeer | ¢,~¢k< / ¢;-¢;d¢> ac—Ypeey [ 6000, dc

1 1
+ipeer [ o X az) ae. (772)

2
1ﬁ3/ ECN

1
Mt = — 4, /0 b:i¢0;0r¢, dE,

A —ﬁ)/01¢1-¢}’(/; /j(bk(ﬁ?dédé) df—xﬁ/old%-#’(/;%@dé) d

1 ¢
Lt — D) /0 ¢>,-¢;( /0 ¢;c¢;d5> de,

rie = YPecq [y b0\ A S = YU \/Beca [y il dE, (77b)
Si = YU/Beca [, &)l A2, tik = SPeca [y i;lpil dé.

8. CONCLUSION

In this paper, a nonlinear equation of motion, correct to @(c®), has been derived for the
dynamics of a cantilevered cylinder in axial flow via variational methods; in a consistent
manner, linear boundary conditions have also been obtained for the case of the cylinder
being terminated by a rigid, ogival end.

This equation is probably not the definitive nonlinear equation of motion for this
system, since it was not obtained by a unified nonlinear treatment of the fluid mechanics.
Nevertheless, the equation obtained provides a reasonable and useful tool for the
exploration of the nonlinear dynamics of the system, which has hitherto been impossible.
How successfully does this equation capture the true dynamics of the system has to be
judged by comparing theoretical predictions with experimental observations. This is done
in Part 3 of this study (Semler ez al. 2002) and, as will be seen, agreement is reasonably
good.

In the linear limit, the equation of motion and the boundary conditions are
fundamentally the same as in Paidoussis (1973), though with some small improvements
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in the latter, notably including some viscous effects. Hence, agreement with linear aspects
of observed behaviour (e.g., the threshold flow velocities for divergence and flutter) is
expected to be similar to that displayed in Paidoussis (1973, 2002).

No conclusions as such can be drawn from the work so far, and the true conclusions
relating to the theory are deferred to Part 3 of this work.
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APPENDIX A: THE EXPRESSIONS FOR F,. AND F,, IN LOPES ET AL. (1999a)

As mentioned in Section 4.2, in the original derivation, in Lopes et al. (1999a), the
simplification was introduced that dp/dx = dp/0X ¥ The expressions for F,. and F,, then
are as follows:

D
—Fpe =" (EPDU2C o pgA) — 'y Ap + O(cY),
{

D
Fpy = O =2y — %J’B) (—%pDUzch—/ + PQA> (4.1)
+ ()/” _ u//y/ _ Zu/y// _ % yl2y//)Ap + @(65).

By comparing equation (A.1) to (45), it is seen that this “simplification” does not in fact
result in expressions for Fy,, and F),, that are simpler, although the derivation was.

More important, however, is to note that when the correct expressions, equations (45),
are used, the “symmetry” or parallelism between terms involving mg for the gravity
components and —pgA for the buoyancy components is achieved in the final equation of
motion, which is absent in the Lopes et al. equation. Thus, in the corrected final
dimensionless equations of motion, equation (52), it is possible to use a single parameter
9 = (m — pA)gL?/EI, while in Lopes et al. (1999a,h) we have to have two parameters
separately, o = mg L*/EI and 7y, = pgAL’/EI.

The only reason for giving here the expressions for F,, and F),, in Lopes et al. is that
these expressions, and the final equation incorporating them, have been used to conduct
the calculations presented in Part 3. Nevertheless, discrepancies in the results only become
important if y is relatively large, i.e., if y- and y, are considerably different from each
other, and % is large. However, in the calculations of Part 3, y = 0 in some cases, while
y = 1-9 in others; the results for y = 1-9 (yo = 14-4 and y, = 12-5) are virtually the same
as for y = 0. Furthermore, # = 0 has been taken throughout.

“This, alternatively viewed, amounts to considering the elemental volume in equation (41) to be Adx.
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